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Abstract 

We consider the Stokes problem in an exterior domain O C M" with an external force 
/ G L®(0, T; ’’(O)) (fc £ N, 1 < r < oo). In the present paper we show that in contrast to 
u the boundary regularity of the pressure can be improved according to the differentiability 
of / up to order k. In particular, this implies that the pressure is smooth with respect to 
x G O if / is smooth with respect to x G O. 
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1 Introduction 

Let n C (n G N, n > 2) be an exterior domain, i. e. M"' \ U is a bounded domain in M"’. Let 
0 < T < -boo. Set Q = n X (0,T). In the present paper we consider the Stokes problem 

(1.1) divu = 0 in Q 

(1.2) dtU-Au = -Vp + f in Q, 

(1.3) u = 0 on (9nx(0,T), lim u(x,-) = 0, 

lxl—>-00 

(1.4) 1^(0) =0 in U, 

where u = (u^,...,u^) denotes the unknown velocity of the fluid, p the unknown pressure 
and f the given external force. The Stokes problem has been extensively studied in the past. 
In particular, for the case U is the half space or an domain with compact boundary the 
L^-theory is well-known. Based on potential theory in m Solonnikov proved that for every 
f G L^{Q) there exists a unique solution (it,p) to (ll.ljl - (ll.4jl such that dtU,V‘^u G L'^{Q), and 
Vp G L^{Q). By using the semi group approach, similar results have been obtained in [5], [6], 
[3]. For the corresponding estimates on the pressure we refer to [l3]. An optimal result for the 
anisotropic case when f belongs to L^(0, T ; L'^(r2)) has been proved in [7] for the cases U = M”’, 
Q = M”, and a domain Q with compact boundary. 

By standard arguments from the regularity theory of parabolic equations one gets the reg¬ 
ularity u and p in dependence of the regularity of the right-hand side f in time and space. 
However, if f is only smooth in x G U it is not clear whether u is smooth in x up to the bound¬ 
ary. In the present paper we will see that such a property at least holds for the pressure p, which 
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is due to the fact that Ap = 0 if div / = 0. More precisely, the condition/ G L®(0, T; 

(1 < s,q,< +oo-,k G N) implies Vp G Note that our result relies essentially 

on the fact that the initial data is zero. In general our result may not be true as there is a 
counter-example obtained in [9]. More precisely, there exists an initial data, and a solution u,p 
to the Stokes system such that ||Vw(t )||^2 is continuous as t —)• O"'', while the corresponding 
estimate on the pressure ||p(t)||L 2 may blow up as t O'*'. 

First we shall introduce the basic notations regarding the function spaces used throughout the 
paper. By VF^’'?(n), IFgwe denote the usual Sobolev spaces. Vector functions and spaces 
of vector valued functions will be denoted by bold face letters, i. e. we write L'^(Q), 
etc. instead of L^{rt] M"'), M"'), etc. In addition, we use the following spaces of solenoidal 

functions 


= closure of (H) w.r.t. the norm 

Wg’J(n) = closure of (H) w.r.t. the norm 

where ‘^Q^(n) stands for the space of all smooth solenoidal vector fields with compact support 
in n. Given a Banach space X by L^{0,T] X) we denote the space of Bochner measurable 
functions / ; (0, T) —)• V such that 

T 

\\f\\L<iio,T-,x) = J \\f(^)\\xdt<+oo if l<g<+oo, 

0 

II/IIl->( 0 ,T;X) = esssup ||/(f)||x < +00 if q = +oo. 
te(o,T) 

Now, let us introduce the notion of a strong solution to (|l.ip - (|1.4jl . 

Definition 1.1 Let / G L^(0, T; L‘^{Q)) {1 < s,q < +oo). A pair {u,p) is called a strong solution 
to (inj-dLl if u e L%0,T;Wl’^{n)),p e L%0,T-Ll^m) and 

didjU,dtu,Vp G L^(0,r;L'?(n)), i,j = 1,2,3, 

such that (11.11) . (11.21) holds a. e. in Q, while (11.41) is fulfilled such that n = 0 a. e. in 12 x {0}. 

For the existence of a strong solution to (ll.ip - (ll.4p cf. in [7j. 

Our main result is the following 

Theorem 1 Let 12 C be an exterior domain or a hounded domain with dLl G (A: G N). 
For f G L*(0,r; W^’'^(12)) (1 < s,q < +oo-,k G N), let {u,p) be the strong solution to (11.11) - 
(jl.4l) . Then, 

Vp G L"(0,r;FF*^’«(L!)). 

In addition, there holds 

(1-5) l|V*^^^PllL'>(0,T;L'2(n)) < c||/||^s(-o^'r;W''’9(o))) 

where c = const > 0 depending only on s,q,k and the geometric properties of dLl. 


Li 

W^-ij 
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2 Remarks on the equation div v = f 

Let G C be a bounded domain, star-shaped with respect to a ball Bji. It is well known that 
for all / E L^{G) with {f)G = 00 the equation divu = / has a solution v E W]^^{G) such 
that 


||Vu||i5(c-) < c||/|h9(G) 

with c = const > 0, depending on n,q and G (cf. [2], [S]). In fact, the constant c depends on 
the geometric property of G, namely the ratio of G which is defined by 


where 


ratio(G) ;= 


Ra{G) 

Ri{G) ’ 


Ra{G) = mf{R > 0 I 3Br{xo) : G C Bji{xo)}, 

Ri{G) = sup{r > 0 I 3Br{xo) : G is star-shaped w.r.t Br{xo)}. 

For instance ratio(G) = 1 if G is a ball, and ratio(G) = ^/n if G is a cube. Moreover, the ratio 
is invariant under translation and scaling, i. e. 

ratio(AG) = ratio(G) V A > 0. 

Now, let G such that 2 < Ri{G) < 3. In particular, G is star shaped with respect to a ball 
B 2 = B 2 {xo). Without loss of generality we may assume that xq = 0. Let (j) E G“(i? 2 )- We 
dehne 

= J fi^- y)K<pix, y)dy, x E M", / E C^{G), 


K^{x, y) = 1 ^ j (f)(^x + i\y\ + xT ^dr, (x, y) x (M” \ {0}). 

0 

As in 12], [Hit has been proves that E C[f'(G) for all / E G“(G). In addition, there holds 

(2.1) \\V^^4>f\\L^iG) < cllV^-VlUnc) V/ E Go“(G) 

with a constant depending on n, k, q, (j) and ratio(G) only. Furthermore, there holds 

(2.2) div^^/ = / J 4>{y)dy-(l) J f{y)dy in G. 

G 

In particular, if f 4>{y)dy = 1 and f f{y)dy = 0 then v = solves the equation divu = /. 
Si G 

Finally, by (12.ip we may extend to an operator .if(VF^“^’'^(G), VF^’'^(G)) denoted again by 

SSp. 

^Wet A C R" be a measurable set with mes(yl). Given v £ l3{A) by {v)a we denote the mean value 

I x(x)dx. 

A 
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Let i, j G {1,..., n}. Observing, that 


dj^^{dif) = didj^^if) - dj^d^^if) in G, 
didj^^if) = di^^{djf) + di^Oj<f>if) in G, 

we see that 

dj^^idif) = di^^idjf) + di^a^^if) - dj^di<t>{f) “ G. 

By the aid of (|2.ip . and Poincare’s inequality, using the above identity, we get 

(2.3) \\d^m^{d,f)\\L^G) < c{\\d,fU.(G) + WfhHG)) V/ G 

{ < c{\\diV^VfWi^q^G) + \\djdndnf\\L9{G) + II V^/llL'?(G))il 

(2.4) 

(yfeW^'^G), 

where c = const > 0, depending on n, g and ratio(G). 

Now, let G be a bounded domain, star-shaped with respect to a ball B. Let R := ^Ri{G). 
Thus, there exist Bji{xo) such that G is star shaped to the ball Bji{xo). Without loss of 
generality we may assume that xq = 0. Let (p G G^{Bi) with f (j){y)dy = 1. We define 

Si 

^ : Wo*^“^’''(G) ^ Wo''^{G) by setting 

^(/)(x) = i?^,^(7)(|), xgG, /G Wo"-'’'?(G), 

where f{y) = f{Ry) {y G R~^G). Using the transformation formula of the Lebesgue integral, in 
view of (j2.1l) . we see that 

l|V'’^(/)||i,(G) = ^"/''■"+'l|V'=^47)||i,(^-iG) < ci?"/''“"+'l|V'’-7lli^(iJ-iG) 

(2.5) =c||V^-V||i.(G), 

where c = const > 0 depends on n,q and ratio(i?“^G) = ratio(G). In addition, from (12.3p . and 
(12.41) we deduce 

(2.6) \\djm{dif)U.^G) < cmf\\L.iG)+R-^\\f\\LHG)) V/ G wl'\G), 

{ ||V^C?j.^(9i/)||i9(G) < c(||c?iV*V/||i;,9(G') + \\djdndnf\\L<i{G) + f\\L‘i(G)) 

(2.7) 

(yfewi^’\G), 

{i,j = 1,..., n) with a constant c, depending on n, q and ratio(G) only. Furthermore, from (|2.2p 
we get 

(2.8) div ^{f){x) = fix) - (f)(^^'^R~^ j f{y)dy fora.e. xGG. 

G 

Here V* denotes the reduced gradient {di,..., 9„_i). 
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3 Proof of Theorem 1 


Proof 1° By decomposing the right-hand side into a solenoidal field, and a gradient field, we 
are able to reduce the problem to the case div/ = 0. Let E : —)■ denote an 

extension operator such that 

Let P : —)• VPq’J(M"') denote the Helmholtz-Leray projection. Given v G 

we have 


V = PEv + (I — P)Ev a. e. in Q. 

In addition, there exists a constant c > 0 depending only on n, q, k and such that 

(3.1) \\PEv\\y^,k,,^^■^ + \\{I - P)Ev\\^k.,(^^-^ < '^v 

Now, for / G L^(0,T; VP^’'’(n)) let {u,p) be a strong solution to (|l.lll - (|1.4p . Observing 
I — P = V(A“^ div) recalling the definition of E we get 

Ef = PEf + (/ - P)Ef = PEf + V(A-^ div Ef) a. e. in Q. 

Since, V{A-^divEf) = {A-^VdivEf) G L^{0,T-W^’^{W^)) we see that PEf G L"(0,T; 
p^fe,q(]^n)) replace f by the restriction of PEf on Q, and p by the restriction of 

—A“^ div Ef + p on Q. Hence, in what follows without loss of generality we may assume that 

(3.2) div/ = 0, and Ap = 0 a. e. in Q. 

2° Secondly, we recall a well-known result by Giga and Sohr [7] which is the following 

Lemma 3.1 Let H = W^, H = , H bounded or H an exterior domain with dLl G C^. For every 

g G L^(0, T; L^(H)) (1 < s,q,< -|-oo) there exists a unique solution {v, tt) G L^(0, T; VH^q^(H)) x 
to the Stokes problem 

dtv — Av =—'S/'K + g and divu = 0 in Hx(0,T), 
u = 0 on dLl X (0,T), 
u(0) = 0 on Ll X {0}, 

such that dtv, didjV, Vvr G L®(0, T; L'^(O)) (i, j = 1,..., n), and there holds, 

(3.3) ||5t1’||L=(0,T;L9(n)) + ||V^u||is(o,T;L'?(n)) + ||V7r||is(o,T;L'?(n)) < c\\g\\L‘>{0,T;Li{n)), 

where the constant c depends only on n,s,q and 0. 

As a consequence of Lemma 3.1 we get the existence of a unique solution {u,p) G L^{0,T-,'W‘f^^{Ll))x 
L^{0 ,T;Wy^^{LI)) to the Stokes system (ll.ip ~ (ll.4h . such that 

(3.4) ll'9t'“llL'>(0,T;i'?(n)) + l|V^ri||Ls(o,T;r'?(n)) + l|Vp||is(0,T;r9(n)) < c||/||is(0,T;i9(Q)). 

3° Local estimates We restrict ourself to case that Ll is an exterior domain. The opposite case 
can be treated in a similar way. Glearly, G := M"' \ H is a bounded domain. Let G',G" are 
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bounded open sets such that G C G' and G' C G". Set Q" = \ G" and Q' = \G'. Then, 

let C £ denote a cut-off function such that = 1 on 0", and ^ = 0 in In particular, 

supp(VC) C G"\G'. Observing div('u(t)C) = it(t)-VC, it follows that supp('u(t) • VC) CC G"\G' 
for a. e. t G (0, T). 

Next, let 1 < i? < -|-oo such that G” C Br. By : Wgwe denote 
the Bogowskii operator defined in Section 2. We now define 

z{t)=m{u{t)-V0, tG[0,T). 

Let t G (0, t). Since f u(t) ■ V(dx = 0, in view of (|2.8p we have 
Br 

div z{t) = u{t) ■ VC a. e. in Br. 

Thanks to (12.61) . recalling that ratio (I?/?) = 1) there exists a constant c > 0 depending only on 
q and n such that 

fora.e. tG(0,r). 

Making use of the embedding Wq’'^{Br) the above inequality implies that z G 

L®(0,T; Together with (13.4p . and the Sobolev-Poincare inequality we obtain 

(3-5) II^IIl»(0,T;W3’'J(R")) — ^\\'^\\L‘>{0,T-,W^’i{nnBR)) — c||/||L'*(0,T;L'J(r2))- 

By an analogous reasoning taking into account dtz = iW{dtU • VC) a. e. in x (0, T) we see 
that dtZ G L®(0, T; W^’'^(M"')). In addition, by virtue of (13.4h we obtain 

(3.6) ll'9t-2|lLs(0,T;Wl'«(K3)) ^ < c||/||is(0,T;i9(n)). 

Next, let A: G {1, ..., n} be fixed. We define 



(x,t)G(G"\G')x(0,r), 

(x,t) G (M^\ (G"\G')) X (0,T) 


and 


7r(x,t) = dk{p{x,t)C,{x)), {x,t) G {G"\G') x (0,r), 


7r(x, t) = 0, 


{x,t) G (M”\ (G"\G')) X (0,r). 


Then the pair {v,Tr) solves the Stokes system 


div u = 0 
dtv — Av = - 

V = 0 


in M’"x(0,r), 


Vtt + q in R"’x(0,T), 
on R"" X {0}, 


where 


9 = {p- PSfl)VC - 2dk{Vu ■ VC) - dk{uAC) 

- dkdtz + dkAz + dkifC) a. e. inR"-x(0,r). 
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In view of (j3.3p . (I3.5|] . and (13.6p we see that g G L®(0, T; In addition, there holds 

Thus, applying Lemma 3.1 with Q = R"', and using the last inequality we see that 

ll'9t't’||Ls(0,T;L'J(R")) + II V^'*^llL'>(0,T;i'J(R")) + II ^^11 L«(0,T;i'J(R")) 

< c\\9\\l={0,T-,L‘!{R”)) 

Recalling the definition of v, making use of (j3.5n . (13.6p . and (|3.4p . we infer from above 

C9i9fc'»^||L'*(0,T;L'J(n)) + IICV^5fcW||ia(0,T;L'J(r2)) + \\C'^dkP\\L'>{0,T-,L'i{n)) 

Iterating the above argument k times, we get 

ll'^i'“llLR0,r;VK''’'2(n')) + ll'“llLR0,T;VK''+2-9(r2')) + II^^^IIlRO,T;W''’9(0/)) 

— '^II/IIlR0,T;VK''’9(o)) 

(A: G N), where c = const > 0, depending on s, q, k, and H only. 


4° Boundary regularity Let xq G dQ. Up to translation and rotation we may assume that xq = 0 
and n(0) = —e„, where n(0) denotes the outward unite normal on fl at xq- According to our 
assumption on the boundary of fl there exists 0 < R < +oo, and h G such that 

(i) dnn{B'^ X {-R,R)) = {{y',h{y%y’ G 


(ii) {{y', Vn); y' G h{y') <yn< h{y') + R} C fl; 

(iii) {{y\yn);v' G B'^,-R + h{y') < yn < Hv')} G El- 

Set Ur = B'j^x {-R, R), U^ = B'j^x (0, R), and define ^ : Ur ^ ^{Ur) by 

^{y) = {y',Hy')+ ynV, y^UR. 

Elementary, 


/ 1 0 

0 1 


0 0 \ 

0 0 


D^{y) = 


0 0 ... 1 0 

\dih{y) d 2 h{y) ... dn-ih{y) ij 




/ 1 0 

0 1 


0 0 \ 

0 0 


0 0 ... 1 0 

\-dih{y) -d 2 h{y) ... -dn-ih{y) 1/ 


Here y' = (yi,, j/n-i) G R" and denotes the two dimensional ball {{yi,..., y-n-i) : yi + .. • + < 

R^}. 
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For the outward unit normal at x = ^{y) we have 


n{x) = N{y) 


{dih{y),...,dn-ih{y),-l) 

Vi + |v%)P 


y G B'fi X {0}. 


In addition, one calculates 

(3.8) = ^y^ - {dx,h)dy„ in Ur, z = 1,..., n0. 


We set U = uo^,P = po^ and F = f o ^ a. e. in x (0, T). By the aid of (13.8p we 
easily get 

(3.9) (diva;u) o $ = divylJ — V/i • dy^U = 0, 

(3.10) (Aa-it) o $ = AyU - 2Vh ■ VydyJJ + \yh\^dy^dyJJ - {Ah)dyJJ, 

(3.11) (V,p) 0^ = VyP- {Vh)dy^P, 

a. e. in x (0,T). Firstly, owing to (j3.9p from the equation (jl.ip we get 

(3.12) diYyll = Vh-dy^U a. e. in x (0,r), 

and with help of (|3.1Up and (|3.1ip the equation (|1.2p turns into 

dtU -AU= -VP + idy^P)Vh - 2Vh ■ Vdy^U + \Vh\^dy^dy^U 

(3.13) -{Ah)dy^U + F 

a. e. in x (0, T). 

Note that the assumption n(0) = —e„ implies V/i(0) = 0. We now choose 0 < <5 < +oo 
sufficiently small, which will be specified later. Since V/i G C^{Ur), there exists 0 < p < -j such 
that 

(3.14) \Vh{y)\<5 yyeU 2 p. 

Let C G C^{U 2 p) denote a cut-off function such that 0 < C < 1 in U 2 p, and C = 1 on Up. We 
define U : x (0, T) —)• M” by 

U{y,t) = ay)U{y,t), y€U+x{Q,T), lJ{y,t) = d if y G \ P 2 + x (0, T). 

Let ^ W*^’'^(M!() denote the Bogowskii operator defined in Section2. We set 

zi{y,t) = 3g{CVh- dy^U){y,t), 

Z 2 {y,t) =m{VC-U){y,t), (y,t)GM!(x(0,r). 

Let A: G {1,..., n — 1} be fixed. We define 

V{y,t) = dk{U{y,t) - zi{y,t) - Z 2 {y,t)), 

U{y,t) = Okie {y)P{y,t)), 


Since h is independent on yn there holds dxn o ^ ~ dy„. 









{y,t) G X (0, T). Observing that 


j CVh-dnUit)+VC-U{t)dy 


d\YyU{t)dy = 0 for a. e. t G (0,7"), 


u. 


2p 


u: 


2p 


by the aid of (|2.8I) we calculate 

(3.15) diwyV = 4(CV/1 • dnU + VC • - QVh ■ dnU - VC • t/) = 0 

a. e. in x (0,T). In addition, taking into account (|3.13p . we find 
dtV -AV = dk (cdtU - (AU - 2VC • Vt/ - (AC)t/) 

- dkidtzi - Azi^ - dk{dtZ2 - AZ 2 ) 

= -vn + dk{ {P - Pu+)^C) - 4(2VC • vu + (AC)t/) 

- dkidtzi - Azi) - dk{dtZ 2 - AZ 2 ) 

+ dk {C{dnP)^h - 2CVh • VdnU + C\Vh\^dndnU 
- C{Ah)dnU + cpy 

Thus, (V,n) solves the following Stokes system 

div V = 0 in x (0,r), 

dtV-AV = -VU + G in x (0,r), 

F=0 on 5M!;:x(0,T), 

where G = Gi + ... + Gq with 

G,=dy,{{P-Pu+)VC), 

Zp 

G2 = -4(2VC-Vt/ + (AC)i7), 

G3 = -dk{dtzi - Azi^, 

Gi = -dk{dtZ2 - AZ 2 ), 

G5 = dk (c(5„p)v/i - 2CVh • VdnU + C\^h\^dndnU^ , 

G^ = dk{-a^h)dnU + CF). 


In what follows we shall establish some important estimates of zi and Z 2 , where we will make 
essential use of the properties of (cf. Section2). Starting with zi, we write zi = zij + zi^ 2 , 
where 


^ 1,1 = ^(5n(CV/i • t/)), Zi,2 = -mdnOVh ■ U)). 

Let t G (0,T) be fixed. Using ()2.5I) . ()2.6p with j = k,i = n and / = (Vh ■ U, and observing 
dt^ = ^dt, we see that 

\\dtdkZi{t)\\L<i(K") < \\dtdkZi^i{t)\\Li{R’;^) + ||5t5fcZi,2(i)||L5(K") 

< cWdtdkiCVh ■ t/)(t)|U,(Kn) + Cp-^\\dtU{t)\\LP(^^r.) 

< c6\\dtdkU{t)\\L<i(Rn) + ci\\h\\c2 + p-^)\\dtU{t)\\j^,^^+y 


9 




Taking the above inequality to the s-th power, and integrating the resulting equation in time 
over (0, T), we get 

(3.16) < c6\\dtdkU\\la(^Q^rp.£q(J^r^'^'j +0(11/111(^2 + p )\\dtU\\j^s^Qrp.^j^qfjj+-^y 

On the other hand, using (12. 5p . (12.71) with j = k,i = n, and / = CV/i • U{t), we see that 
||V^(9fcZl(/)||i;,?(]Rn) < c||9„V*V(CV/l • U){t)\\];^q(j^nj + c\\dndndk{C'^h ■ C/)(t)||2,9(]R^) 

+ Cp-l||V2(CV/l • [/)(/) ||i.(M.) + c\\V\{dnOVh • [/)(/) ||i.(M.). 

By means of product rule and Poincare’s inequality we find 

We now take the above inequality to the s-th power, integrating the result in time over (0,T), 
we obtain 

||V^5fcZl||2,s(o^r;i9(R")) < C(5||V^V*[/||is(o,T;L'i(R^)) 

(3.17) + c{\\h\\Q3 + p )||V U\\^s(^Q^rp.j;^q^u+y- 

By an analogous reasoning, making use of (|2.5I) . and Poincare’s inequality, we infer 

\\dtZ2\\L’>(0,T]L‘^{Wl)) + l|V^-22||L'>(0,T;i'J(R")) 

(3.18) < Cp ^(^\\^tU\\J^s(^Q^T.Lq|^^+y + 

We are now in a position to estimate Gi ,..., Gq. First by virtue of Poincare’s inequality 
we easily estimate 

IIG^iIIl+O.+L+R")) <cp ^\\'^P\\l‘>{ 0 ,T-,L<i{U+))- 
Analogously, 

II<^2||l+o,T;L+R!;:)) < 

Next, with the help of (I3.16p . p3.17p . and (13.181) we see that 

I|G^3||l+ 0,T;L9(R!;:)) + l|G'4||L+0,T;i5(R^)) 

< c5 (^\\dtdkU\\is + ||V^V*L/'||j,s(0,T;L9(R"))) 

+ cmc^+p-^){\\dt 

^fct^llL+0,T;L'J(;7+)) + \\'^^'^*P^\\l‘>{0,T-,L1{U+)))- 
Then applying the product rule, and using Poincare’s inequality, we get 

I|G^5||l+ 0,T;L9(R")) < C(5^||Vn||2,s(0,T;L9(R:j:)) + IIV*V^?7||is(o_r;i'J(R:j:))) 

+ c{\\h\\c 2 + P ) (l|VP’||^a(0,T;L«(;7+)) + 11^ ^IIl+0,T;L'J((7+))) • 
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Finally, we estimate 

II^6||l'>(0,T;L«(R!Ji)) < c(||/i||(73 + p ) (^11 V-P|lis(o,T;i9(f/+)) + 11^ ^llL»(0,T;i«(i7+)))' 

+ cp \\^\\l‘>{o,T;L'>{u+)) +'^ll*^fc■^llL»(o,^;i«(^/+))■ 

Appealing to LemmaS.l (cf. [7]) for the case O = M" using the above estimates for Gi ,..., Gg, 
we obtain 

ll'9t^||L'>(0,T;L9(R^)) + ll^^''^llL»(0,T;i9(R3 )) + ll^n||^s(o,T;L'J(R^)) 

< c||Gi + . . . + G6||Ls(o,T;i'?(R!J:)) 

< C(5^||9tV*L/'||^s(o^'r;i9(R^)) + I|V^V*^IIl'>( 0,T;L'3(R^)) + ll^n||^s(o,r;i5(R^))) 

+ c{\\h\\c3 + P ) (l|5t^llLs(0,T;i'?(i7+)) + 11^ ^llL»(0,T;L«(i7+)) 

+ \\'^^\\L‘>{0,T-,L'i{U+)) + II'^IIl'>(0,T;W1’9([/+))) ■ 

Recalling V = dk{U — 2:1 — 22 ), making use of (|3.16p . (j3.17p and (j3.18j> . from the last inequality 
we infer 

||(9tV*C/||^s(o,T;L'?(R3 )) + l|V^V*t^llL'>(0,T;L'2(Ri^)) + ll^n||^s(o,T;iRR3 )) 

< Co(5(^||5tV*G||2,s(o,r;i9(Ri^)) + ll^^^*^llL'>(0,T;i'J(R^)) + ll^n||^s(o,T;L'?(Ri^))) 

+ Ci(^\\dtU\\j^s(^Q^X.Lq(^lj+'^^ + ||V G||^s(o,T;i9(C/+)) 

(3-19) + ||VP||^s(o,T;i9(!7+)) + II'^IIl'>(0,T;W1’9(!7+))) > 

where cq = co{n,q,s) and ci = ci(n, g, s, ||h||c3,p). On the other hand, recalling the dehnition 
of U,P, and F, with the help of (I3.10p . (13.lip , and ^3.71) we find 

\\^t^\\L‘>{0,T;Li{U+)) + 11^ ^\\l‘>(0,T;L1(U+)) 

(3-20) +'^II^'^IIl'>(0,T;L9(C/^)) + \\^\\l‘>(0,T-,W^’1(U;^)) — '^II/IIl«(0,T;VK1’9(O)) 

with a constant c depending on n, q, s and h. Now, in p3.19p we take ^ ^ and estimate the 

right-hand side of p3.19p by the aid of (I3.20p . This leads to 

ll^tV*C/||L;i(o,T;L9(R3 )) + II||^s(o,T;L 9(R^)) + ll^n||^s(o,T;i'J(R3 )) 

< C2\\f\\L‘>{0,T-,W'^-'>{n))^ 

where C 2 = C 2 (n,g, s, \\h\\c3,p). 

By a standard iteration argument we obtain 

*U\\l»(0,T-,L1{U+)) + 11^ '^*^\\l‘{0,T]L‘i{U+)} + ll^^*'^llL=(0,T;i9(C/+)) 

(3-21) < c||/||^s(o,T;Wl’9(n))> 

where c = const depending only on n, q, s, k, ||/i||(^fc +2 and p. 

5° Estimation of the full pressure gradient Recalling that AxP = 0, with the help of (I3.10p we 
calculate 

0 = O $ = A,P - 2Vh • Vdy^P + \Vh\^dyJy^P - {Ah)dy„P 

= (1 + \Vh\'^)dndy^P + A'yP - 2Vh • V*a„P - {Ah)dy^pE 
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a. e. in U^. Thus, 

(1 + \Vh\^)dy^dy^P = -A'yP + 2Vh • V^dy^P + {Ah)dy^P 
a. e. in U^. From this identity along with (I3.2ip with A: = 1 it follows that 

yP\\ L‘ {0,T-,L1 (U^)) — ^{\\'^ *^yn^\\ L‘^ {0,T-,L’1 (U^)) + y^W L‘ {0,T-,L’i (U^))) 

— c||/|lL'>(0,T;VKl-9(r2))' 

Choosing p E ^0, sufficiently small, and applying the above argument A-times, we get 

(3.22) ll^y^^-P|lL'>(0,T;i9(r/+)) — '^ll/llL'>(0,T;W''’«{n)) 

with a constant c depending on n,q,s,k, ||/i||(^fe+ 2 , and p. 

Finally a standard covering argument, together with (|3.22l) . and (|3.7p gives the estimate 
(HSl), which completes the proof of the Theorem 1. ■ 
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